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Abstract. We show that the \Taub-bolt instantons" are the only Riemannian, Ricci-flat and
asymptotically locally flat (ALF) C2-metrics on a 4-dimensional, complete, simply connected man-
ifold having (at least) a one-parameter group of isometries which are compatible with ALF, have
trajectories of bounded length at innity and no isolated xed points.
PACS numbers: 0420, 0240
Attempts of estimating the path integral of Quantum Gravity via the stationary
phase approximation motivated the study of \instantons", i.e. Riemannian, Ricci-flat
metrics which are regular everywhere. Gibbons and Hawking [1] classied instantons
having at least a one-parameter group of isometries according to whether the isometry
has isolated xed points (\nuts") or two-dimensional subsets of xed points (\bolts").
The mathematical analogy between instantons with xed points and Lorentzian solu-
tions with Killing horizons raises the question whether the known uniqueness proofs
for black hole solutions can be carried over to the Riemannian case. In fact, this
works straightforwardly (and yields the Riemannian Schwarzschild solution) when
the solution is assumed to be asymptotically flat (AF) and when the Killing eld is
hypersurface orthogonal.
For AF solutions with up to two nuts and no bolts, a uniqueness result for the
Riemannian Kerr metric has been obtained [2] by adapting and generalizing Israel’s
proof of uniqueness of the Schwarzschild solution [3].
In this paper we present the following uniqueness result for the so-called Taub-bolt
instanton (found by Page [4] by \Euclideanizing" the Taub-NUT spacetime [5]).
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(where n is a constant, r  2jnj, 0   < 8n, and dΩ2 is the round metric on the
2-sphere), are the only spaces (M; g) such that
1. M is a 4-dimensional, complete, simply connected manifold with a Riemannian,
Ricci-flat C2−metric g which admits (at least) a 1-parameter group  of
isometries.
2. (M; g) is asymptotically locally flat (ALF).  is compatible with ALF and
its trajectories have bounded length at innity.
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3.  has no isolated xed points on M.
The crucial step in the proof is based on the idea of Bunting and Masood-ul-Alam
[6] of applying the positive mass theorem to show uniqueness of the Schwarzschild
solution.
We rst give some introductory material on bolts and on the asymptotic proper-
ties. The denition of ALF will be taken from [7] and \compatible isometries" are
dened below.
The condition of Ricci flatness (R = 0) implies that g and the Killing eld 

corresponding to the isometry  ( is the group parameter) are analytic in harmonic
coordinates [8]. The set LM of xed points of  has the following structure (c.f.
sect. 2 of [1]). If q 2 LM is isolated it is called a \nut" (after the Euclidean Taub-
NUT metric [9]) which we exclude in assumption 3.) of our theorem. The remaining
possibility is that LM is the union of two-surfaces called \bolts". At every q 2 LM
the dierential  acts as the identity on a 2-dimensional subspace T
−
q M of the
tangent space TqM and as a rotation on the orthogonal subspace T+q M, with period
+ = 2=.  (called the \gravity" of the bolt) is constant on each bolt and also
appears in the matrix representation of ofr in an orthonormal frame (c.f. theorem
5.3 of [10]).
In a normal neighbourhood Uq of a point q of a bolt, we choose normal coordinates
fz0; z1g and fz2; z3g which, considered as coordinates of TqM, span T+q M and T
−
q M,
respectively. The commutativity of  and the exponential map, viz. exp(X) =
 (expX) for X 2 TqM implies that the action of  is linear in these coordinates,
i.e.  (z) = ()

 (q)z













The following lemma is proven by straightforward computation.
Lemma 1 The most general form of a C2− metric g invariant under the action



















(z0)2 + (z1)2, and A;B and C are 2  2 matrices depending only on








































is a function with a(0; 0) = 1, and C(0)(0; 0) = I.
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We next adopt (with slight modications) from [7] the denition of ALF (employing
the cyclic group ZQ, Q 2N , instead of possible more general choices) and we dene
a \compatible isometry".
Let M1 denote M minus a suciently large compact set. We note that the
following denition implies that M1 is connected, i.e. that M has just one \end".
Denition 1 (M; g) is called ALF if




2. The lift ds2 of the line element ds2 to the covering space RS3 takes the form













where r 2 (r0;1) for some constant r0 is a radial coordinate (in the R di-
rection), i (i = 1; 2; 3) are the left-invariant one-forms on the unit sphere,
and for a smooth function f(x) on M1, f(x) = O1(1=r) means that
f(x) = O(1=r), @f(x
) = O(1=r2), etc. for all orders.
Denition 2 Let (M; g) be ALF. A 1-parameter group of isometries  of
(M1; g) is called compatible if
1.  leaves the induced metric on the lens spaces Sr=ZQ invariant (with Sr de-
noting the 3− spheres of constant radius r 2 (r0;1)).
2. ZQ acts on each of the Sr as a subgroup of the lift  of  to the Sr.
It is likely that isometries with trajectories of bounded length on ALF manifolds
must necessarily be compatible in the sense dened above, at least for Ricci-flat spaces.
If this were the case the compatibility requirement could be dropped in the theorem.
We were not able to show this, however. The denition of compatibility made above
allows to formulate the properties of the quotientM1= very easily (c.f. lemma 4).
Let  =  denote the squared norm and ! =  
r the twist of the
Killing vector . ( is antisymmetric and 0123 =
p
det g). Ricci flatness implies
that ! is closed, i.e. r[! ] = 0. Since (in the theorem) we requireM to be simply
connected, there exists a globally dened scalar eld ! such that ! = r!. The twist
potential ! is dened up to an arbitrary additive constant which, for ALF metrics
with compatible isometries, can be chosen uniquely so that ! vanishes at innity, and
the Killing vector  can be normalized such that ! 1 at innity. (These properties
are the reasons why we require that (M; g) is simply connected and has only one
end). We also introduce the Ernst potentials E = !, which are restricted by the
following lemma.
Lemma 2 Let (M; g) satisfy conditions 1.) and 2.) of the theorem. The Ernst
potentials E+ and E− have the following properties. Either
i) both potentials satisfy −1 < E < 1 on M or
ii) one of the potentials satises E = 1 on M.
Moreover, if at some point p one of E satises E = −1, then the other potential
satises E = 1 on M, and p must be a zero of .
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Proof. Ricci flatness implies the following equations for E
4E = 
−1rEr
E  0: (7)
From the strong maximum principle (theorem 3.5 in [11]), each of E can only have
a maximum on M if it is constant. Since both potentials approach the value 1 at
innity, we have either E < 1 or E = 1 on M. From this and from the identity
E = 2− E  −E  −1 the remaining statements of the lemma follow easily. 2
We now consider the quotient of M by the orbits of  which we call bN [1, 12],
and the projection of LM to bN is denoted by LbN . On the set N = bN n LbN we
employ two dierent metrics, namely γij and gij which are the \push-forwards" of
γ = g −  and of −1γ respectively (tensors on N carry latin indices). We
have the following lemma.
Lemma 3 Let (M; g) satisfy conditions 1.) and 3.) of the theorem.
LbN is a smooth, two-dimensional boundary of N . Moreover, gij has a C2- exten-
sion to LbN and L bN is totally geodesic in ( bN ; gij).
Proof. A straightforward calculation using the form of the metric given in lemma
1 and the Killing vector (2) shows that in a neighbourhood Uq of a point q of a bolt,



















where z and  were introduced before and in lemma 1, a; b = 0; 1 and y0 = z2,
y1 = z3. Since  and ya are constant along the Killing orbits, they are suitable coor-
dinates on bN ( is of course restricted to be non-negative). The boundary of bN which
is given locally by  = 0 is two-dimensional and coincides with LbN by construction.
The Taylor expansion of A;B and C (5) shows that the metric gij in N extends
at least in a C2 manner to  = 0. A short calculation also shows that the second
fundamental form of LbN in ( bN ; gij) vanishes, which is equivalent to LbN being totally
geodesic. Finally, the smoothness of bN follows from the smoothness of the geodesics.
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We denote by Di and Rij the covariant derivative and the Ricci tensor with respect
to γij and we introduce two potentials on N by w = (1 + E)−1(1 − E). Due to
lemma 2 we have 0  w <1 on N (this is not true onM in general). Dening also
 = 1−w+w− we have  = 4 (1 + E+)
−1 (1 + E−)
−1
> 0 onN . Finally we introduce
the vector eld Ai =
1






= 0 Rij = 2
−2D(iw−Dj)w+: (9)
In terms of these variables, the asymptotic properties read as follows.
Lemma 4 Let (M; g) satisfy conditions 1.) and 2.) of the theorem.
Then (N ; γij) is asymptotically flat. More specically, the end N1 of N is dif-
feomorphic to R S2, and on N1 there are coordinates bxi (with br2 = ijbxibxj) and
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γij = ij +





Furthermore, if one of m = 0 then w = 0 on N for the corresponding w.
Proof. Using the form (6) of the metric, it is easy to see that the Killing vector
 acting "compatibly" on S3 with trajectories of bounded length at innity must
have the form  = 3 + O
1(1=r). Next, a short calculation shows that w =
O1(1=r) and γij = ij +O
1(1=r). The asymptotic analysis can then be carried over
straightforwardly from the Lorentzian case [13] and yields (10) and (11). Finally, the
vanishing of one of m would, due to (10), contradict w  0 for the corresponding
w unless w = 0 on N .
The radial coordinate br in terms of which the Taub-bolt metric takes the asymp-
totic form (10, 11) is related to the one used in (1) by br = r − 54 jnj. 2
We now discuss in detail the degenerate case of lemma 2.
Lemma 5 Let (M; g) satisfy 1.) and 2.) of the theorem, and assume that case ii)
of lemma 2 holds.














= grad−1. Moreover, if the four-metric is globally regular, then the
set of xed points can only contain nuts.
Proof. We can assume without loss of generality that E− = 1 on M. We have
E− = 1 , w− = 0 , w+ = −1 − 1 and hence Ai = 0 and  = 1. This implies
that equations (9) become DiD
i−1 = 0 and Rij = 0, i.e. γij is locally flat. Using
coordinates adapted to the Killing vector, the metric takes the local form (12).
The one-form  = idx
i on N can be obtained from ! as any particular solution
of curlγ  = −−2grad!. Since E− = 1, ! = − 1 we have curl  = grad−1. To


















where the rst equality requires ! = − 1 and the second equality is generally valid.
If the 4−metric is regular and contains a bolt B with gravity , it is easy to see that




is singular on the
bolt, which is impossible from the reasoning in the proof of lemma 3. 2
We now consider the generic situation of lemma 2, namely that −1 < E < 1 on
M. An immediate consequence is w > 0 and hence  < 1 everywhere, and m 6= 0
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(Super- and subscripts (+),(−) and () on gij and Ω have nothing to do with the
suxes +, − and  on E and w used before).
Lemma 6 Let (M; g) satisfy conditions 1.) and 2.) of the theorem, and assume





ij are regular, non-degenerate metrics on N . (N ; g
(+)
ij ) is
asymptotically flat with vanishing mass. (N ; g(−)ij ) has a compactication such thateN = N [  where  is a point, and g(−)ij has a C2− extension to .











γijAiAj  0: (15)
Proof. Due to lemma 4, the asymptotic behaviour of Ω(+) and Ω(−) is













where m = 12 (m+ + m−) and n =
1
2 (m+ − m−) with m 6= 0. In coordinates
xi = br−2bxi it is easy to see that g(−)ij has a C2− extension to the point \at innity"
 given by xi = 0. 2
We are now in the position to prove the theorem formulated at the beginning
along the lines of [6].
Proof of the theorem. From lemma 3, g
()












j agree on the bolts @N
(the unit normal vectors of @N with respect to g
()
ij are denoted by n
()
i ). Next, we
notice that under a conformal rescaling g0ij = Ω(; !)
2 gij , the extrinsic curvature kij
of a 2-dimensional submanifold S in (N ; gij) changes according to












where nk is the unit outward normal of S with respect to gij .
Setting S = @N we have kij = 0 due to lemma 3. We next insert Ω =p
Ω() in (17) and note that (7) implies that 4! = 2
−1rr! on M, and
so gijri
p
rj!j@N = 0. Hence the second fundamental forms k








ij . Therefore we can glue together the two manifolds (N ; g
(+)
ij )
and ( eN ; g(−)ij ) along @N to obtain a C2 manifold with C1 metric [14]. Since the
6
metric is piecewise C2, it follows that it is C1;1. The resulting space is a complete
three-dimensional asymptotically flat manifold with C1;1 metric, non-negative Ricci
scalar and vanishing mass. The rigidity part of the positive mass theorem [15] implies




Expression (15) then shows that Ai = 0, which is equivalent to w+ = w−, where
 is a positive constant (due to w > 0). The eld equations (9) are invariant under
the so-called Ehlers transformation
eγij = γij ; ew+ = −1w+; ew− = w−; (18)
where  is an arbitrary positive constant. The asymptotic conditions of the trans-
formed norm and twist are also e! 1, e! ! 0. Applying (18) with  = p we obtainew+ = ew− , e! = 0. Furthermore, Ω() remain unchanged because they only depend
on , which is invariant under (18). Thus, we must solve
Di
e−1Die = 0; Rij (γ) = 1
2
e−2DieDje (19)
with γij = Ω
−2
(+)ij and
e! 1 at innity. A standard argument [3, 16] based e.g. on
an expression for the square of the Cotton tensor Rijk = D[i(Rj]k −
1
4Rgj]k) (which
vanishes in the present case) in terms of geometrical quantities on the level surfaces
of e (equ. (2.21) of [16]) shows that the solution is spherically symmetric, viz.
e = 1− 2M=<; ds2γ = d<2 + < (<− 2M)dΩ2; (20)
where M is an arbitrary positive constant and 2M  < < 1. Hence the general
solution is related to (20) by another Ehlers transformation (18). Introducing two
constants m > jnj  0 by  = (m+ n)−1(m− n) and M =
p
(m+ n) we obtain
 =





; ds2γ = dr
2 +
(




where r = < +m −
p
(m + n). From this, the metric g can be reconstructed by
solving curlγ  = −−2grad! as in lemma (5). Finally, global regularity of g onM
requires that m = 54 jnj [4], which gives (1). 2
We conclude with some remarks. The relation for the square of the Cotton tensor
for hypersurface-orthogonal Killing vectors (equ. 2.21 of [16]) used above in proving
the theorem can probably be extended to the present non-hypersurface-orthogonal
case. (There is an extension to the Lorentzian electrostatic case, c.f. equ. (23) of
[17]). If this were the case one could avoid applying the Ehlers transformations.
If we include the requirement that LM is connected in our theorem, the latter
could be proven without employing the positive mass theorem as follows. We note
that the metric bγij = −4w4+γij has a C2−extension to a 1-point compactication
of innity, and the eld equations (9) imply that 4bγ(w−=w+) = 0. Applying the
min-max-principle to this equation on the compactication (which has the connected
boundary LbN ) yields Ai = 0. This enables us to perform an Ehlers rotation leading to
the hypersurface-orthogonal case as above. In this situation we do not yet know that
γij is conformally flat. It can, however, be shown that connected bolts are preserved
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under such an Ehlers transformation, and so the proof can be completed by an easy
adaption of Israel’s method (and by \undoing" the Ehlers transformation again).
Since the \end" of the Taub-bolt metric is R  S3 we could have simplied the
asymptotic conditions by requiring this topology in the denitions of ALF and of
compatible isometries. The reason why we have not done so is our impression that in
general (i.e. in more general situations than allowed by the theorem) the degree Q of
the lens spaces Sr=ZQ at the end is equal to the number of connected components of
LM. (This happens in particular in the multi-Taub-NUT case [1]). Hence, admitting
a non-trivial lens space as the end of M seems to be the natural counterpart to
admitting an isometry with a not necessarily connected set of xed points.
It would be desirable to have a uniqueness result for the case in which nuts and
bolts are allowed to be present simultaneously. The problem of generalizing the
strategy of [6] pursued in the present paper is that there is apparently no suitable
conformal rescaling of the metric on N which leaves it regular on the bolts as well as
on the nuts. (Such a rescaling should exist, though, if the topology of N were allowed
to change). On the other hand, the uniqueness result for the Euclidean Kerr metric
[2] which follows the strategy of Israel’s proof [3] allows only nuts (and eectively
restricts their number to 2 by requiring that M = R2  S2). We also remark that
lemma 5 can be rewritten to provide a uniqueness result for the multi-Taub-NUT
family [1].
It would also be interesting to prove uniqueness of asymptotically (locally) Eu-
clidean instantons along these lines [1, 7].
We are grateful to Helmuth Urbantke for helpful discussions.
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